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symmetric case when L D 5 and w D 0:5. The value of the sym-
metric case Biot number is the average of the Biot numbers in the
asymmetric case. As expected, the temperature ratio along the � n
length is the lowest at y D 1, z D 0:5 and is the highest at y D ¡1,
z D ¡0:5.

The relationshipsbetween L and Biot number ratio Bi 2=Bi 1 for
equal amounts of heat loss based on Bi 1 D Bi 3 D Bi 5 D 0:01 and
w D 0:5 are shown in Fig. 5. The trends of L with Biot number
ratio Bi 2=Bi 1 have negative slopes for the three cases of Biot num-
ber ratio Bi 4=Bi 3 illustrated. Furthermore, Fig. 5 shows that the
slope becomes more negative as the Biot number ratio of Bi 4=Bi 3

decreases. Figure 6 presents the relationships between the w and
Biot number ratio Bi 2=Bi 1 for equal amounts of heat loss based
on Bi 1 D Bi 3 D Bi 5 D 0:01 and L D 5. The value of w decreases as
Biot number ratio Bi 2=Bi 1 increases. When Fig. 6 is compared to
Fig. 5, the slope of Fig. 6 becomes more negative as Biot number
ratio Bi 4=Bi 3 decreasesbut the differencebetween both values, that
is, Bi 4=Bi 3 D 5 and 1, are relatively small.

IV. Conclusions
The following conclusions can be drawn from these results.
1) Heat loss increasesnonlinearlyas � n length increases,whereas

it increases linearly as � n width increases.
2) When the average of the Biot number ratios Bi 2=Bi 1 and

Bi 4=Bi 3 are the same, there is more heat loss in the case of asym-
metric top to bottom and symmetric right to left than vice versa
when w is small, and this relationship reverses as w increases.The
crossover point appears to be approximately w D 1, which repre-
sents the dimensionally invariant point w0 D l.

3) The � n length and width must decrease as Biot number ratio
Bi 2=Bi 1 increases to produce equal amount of heat loss and the
slope increases as Biot number ratio Bi 4=Bi 3 decreases.
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Introduction

I T is well known that the chemical equilibrium of a multicompo-
nent system is characterized by the minimization of thermody-

namic functions such as internal energy U , enthalpy H , Helmholtz
potential F , and Gibbs potential G

.dU /S;V D .dH /S;p D .dF/T ;V D .dG/T ;p D
nX

i

¹i dNi D 0 (1)

where ¹i is the molar chemical potential de� ned as
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The same characterizationcan be achieved by resorting to the max-
imization of the entropy and the relative entropic potentials.1 The
equivalence of the different formulations should appear clear from
Eq. (1). Nevertheless, some misunderstandingsappear in the litera-
ture because the thermodynamic constraints [subscripts in Eq. (1)]
are most often considereda consequenceof the physical transforma-
tion followed by the system toward the � nale state of equilibrium,
rather than a virtual mathematical procedure. In this regard, the
chemist favors the minimization of the Gibbs potential whereas the
physicist is more used to minimizing the Helmholtz potential, with-
out fully perceivingthat,within a speci� c equilibriumproblem,both
criteria yield the same equilibrium conditions. On the other hand,
thermodynamicstextbooksalso show that thegas-phaseequilibrium
constants K p , Kc , : : : , are connected by simple relations such as

K p D exp.¡1¹±=RT / D Kc ¢ .RT /1º D ¢ ¢ ¢ (3)

In Eq. (3), K p and Kc are the equilibriumconstants in terms of par-
tial pressures and concentrations,1¹± is the reaction standard free
energy, and 1º is the difference between the sums of the stoichio-
metric coef� cients of the products and the reactants, respectively.
Researchers, therefore, use either K p or Kc , regardless of the trans-
formationthat the system undergoes;as a matter of fact, they use the
minimizationof any one of the thermodynamicfunctionsappearing
in Eq. (1), in � agrant contradiction with the textbooks that stress
the importance of using the different constants according to the
particular transformation that the system experiences. In particular,
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chemical thermodynamics textbooks2;3 favor Gibbs and Helmholtz
potentials by supplying data to obtain 1¹± and induce researchers
to believe that only these two functions can be used. Such a choice
is commonly justi� ed by the corresponding constraints involving
state parameters [.T; p/ or .T ; V /] that lend themselves to easy
measurement and control.

In the following section, we present an alternative way to obtain
the same chemical-equilibrium conditions enforced by Eq. (1) by
resorting to two uncommon criteria, whose corresponding thermo-
dynamic constraintscan be hardly interpretedas representativeof a
real-world transformationof the system.

Two Uncommon Criteria of Chemical Equilibrium
To emphasize the contradiction introduced by the association of

physical transformations with states of equilibrium and, hopefully,
to clarifymisunderstandings,we select two, ratheruncommon, ther-
modynamic functions4;5 that turn out to be equivalent to those ap-
pearing in Eq. (1) for the purpose of de� ning the conditions of
chemical equilibrium. These are the fundamental relations

p D p.G; T; N1; N2; : : :/ (4)

V D V .F; T; N1; N2; : : :/ (5)

The corresponding equilibrium criteria are readily obtained from
the differential expressions

dG D ¡S dT C V dp C
nX

i
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dF D ¡S dT ¡ p dV C
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i

¹i dNi (7)

which, after proper rearrangement and after Eq. (1) is taken into
account, yield, respectively,
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V
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.dV /F;T D 1
p

nX

i
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The maximization of p [minus sign in Eq. (8)] and the minimiza-
tion of V with the prescription of the appropriate state parameters
[subscriptson the left-hand sides of Eq. (8) and (9)] will lead to the
same equilibrium conditions provided by the minimization of the
functions appearing in Eq. (1).

A practical application adapted from an example in Ref. 6 will
provide a more explicit understanding of this point. Consider the
dissociation experienced by two moles of N2O4 , in a volume V at
temperature T and pressure p, according to the reaction

N2O4 *) 2NO2 (10)

If x is the degree of advancement of the reaction (0 · x · 2), the
expressionsof the Gibbs and Helmholtzpotentialsof the perfectgas
mixture [p D .2 C x/RT=V ] read, respectively,
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In Eqs. (11) and (12), the subscriptsa and b refer to N2O4 and NO2,
respectively.The equilibriumvalue of the degree of advancement is
habitually obtained from the solution of
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Note that the argument of the logarithms in Eqs. (13) and (14)
expresses the equilibrium constant K p .

At the same time, the Gibbs and Helmholtz potentials [Eqs. (11)
and (12)] can be inverted to yield, respectively,

p D 1

2 C x

G

RT
¡ 2 ¡ x

2 C x

³
¹±

a

RT
C 2 ¡ x

2 C x

´

¡ 2x

2 C x

³
¹±

b

RT
C 2x

2 C x

´
(15)

V D ¡ 1

2 C x

F

RT
C .RT / ¡ 1 C 2 ¡ x

2 C x

µ
¹±

a

RT
C .2 ¡ x/

¶

C 2x

2 C x

µ
¹±

b

RT
C .2x/

¶
(16)

The applicationof the criteria indicated by Eqs. (8) and (9) leads to
the equilibrium equations
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whichcoincidewith Eqs. (13)and (14)becausethe factors p=.2 C x/
and V=.2 C x/ never vanish.

Conclusions
The example considered in the preceding section illustrates in a

simple manner the idea of the equivalenceof the thermodynamicpo-
tentials (and not the rejectionof the Gibbs potential) for the purpose
of � nding the chemical-equilibriumconditions.It favors a reconcil-
iation of chemical and physical thermodynamics because it shows
how the same equilibrium conditions can be reached using either
chemical potentials G and F or physical potentials p and V when
the appropriatemathematicalconstraintsare selected.In this regard,
note that other equilibrium criteria can be formulated by adopting
any appropriate fundamental relation (Ref. 4, p. 88). For example,
one could adopt the temperature as a function of Gibbs potential,
pressure, and mole numbers

T D T .G; p; N1; N2; : : :/ (17)

and proceed to its minimization

.dT /G;p D 1
S

nX

i

¹i dNi D 0 (18)

for prescribed G and p.
The equivalence of the thermodynamic potentials also empha-

sizes that the search of the equilibrium conditions is based on a
mathematically virtual process and that the knowledge of the real
physicochemicaltransformationthatbringsthe systeminto the equi-
librium state is irrelevant. This conclusion may seem startling to
those in the chemical community used to conceiving of the equi-
librium conditions as an end result determined by a real transfor-
mation. Their hesitation rests on the conceptual prejudice that 1)
the constraints .T; p/ and .T; V / appear more natural than the con-
straints .G; T /; .F; T /, or .G; p/ because the former constraints
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lend themselves to easy control in the laboratory and 2) the feasibil-
ity of a real transformation consistent with the latter constraints is
dif� cult to imagine. Yet, these arguments become untenable when
subjected to deeper scrutiny because all constraints have a mathe-
matically virtual nature and are associatedexclusivelywith the � nal
state of equilibrium, rather than with the transformation that the
system actually follows to reach that state. Such an interpretation
is the only one consistent with Eqs. (13) and (14) and Eqs. (17)
and (18) being equivalent and leading to the same equilibrium
conditions.
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Nomenclature
a = particle radius
a1 = particle temperature pro� le parameter
D = particle drag in the melt layer
H1; H2 = functions of Qh, Eqs. (19a) and (19b)
h = average heat convection coef� cient
Qh = dimensionless convection coef� cient, Eq. (13a),

Biot number
Q = total heat loss from the particle to the melt
Pq = rate of heat loss from the particle to the melt
r = radial distance from the particle center
Qr = dimensionless radial distance, r=a
T = temperature
t = time
Qt = dimensionless time, t=t f
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Qu = dimensionless temperature inside the particle,
Eq. (13b)

V = particle velocity in the melt layer
QV = dimensionless particle velocity, V=.z¤=t f /
z = distance from the melt–solid interface
Nz = distance from the air–melt interface, z¤¡ z
z¤ = melt-layer thickness
®p = particle thermal diffusivity
Q®p = dimensionless particle thermal diffusivity,Eq. (13a)
´2 = z=z¤

¸a = (½2=½ p )(z¤=a)
Nº2 = average kinematic viscosity of the melt
½ = density

Subscripts

f = � nal
m = conditionson the ablation surface
p = particle
2 = conditions in the melt layer
1 = freestream conditions

Superscript

¤ = conditions at the air–melt interface

I. Introduction

I T is well known(for example,seeUngar1 ) that thermalprotection
systems used in severe aerodynamicheating environmentsasso-

ciatedwith hypersonic� ightsare often subject to the effectsof parti-
cles, either in solid form or in the form of liquid droplets, or both, in
the gas stream. These particles carry large thermal and kinetic ener-
gies as they enter the thermal protectionsystem, and their effects on
the performance of the system are, thus, expected to be signi� cant.

In this Note, we present a simpli� ed model to assess the thermal
effectsof theseparticlesonaerodynamicablationnear the stagnation
point of a circular-nosedbody in hypersonic � ight. Only the case of
sparse particles of small size is considered, and the particles will be
considered as rigid spheres. These assumptions allow considerable
simpli� cations to be made in the analysis.Some preliminary results
are also presented,and their possible re� nements are discussed.The
dynamiceffects that couldcontributesigni� cantly to themechanical
erosion of the ablative materials will require a separate model for
material responses, and they will not be considered here.

The study will be based on the earlier work by Zien and Wei2;3 on
the modelingof particle-freehypersonicablation.The centralpartof
the model is a thin melt layer formed by the molten ablativematerial
(see also Lees4 and Hidalgo,5 among others), which is coupled to
the air� ow on the one side and to the ablating solid on the other
(Fig. 1). The melt layer plays a critical role in providing a heat
shield to the aerodynamicbody through conductionand convection
currents in the layer. Because we consider only the case of sparse
particlesof small size (comparedto the dimensionof the melt layer),
the interaction between particles and the effects of particles on the
basic ablation � eld can be neglected in the � rst approximation.

To � x the idea, we consider the case where the particle enters the
melt layer at a given (high) velocity, and it is in thermal equilibrium
with the hot carrier gas on entry. The particle travels through the
nonuniform but known temperature � eld of the melt layer as given
in Refs. 2 and 3, and its motion is inertiadominated.The temperature
� eld inside the spherical particle is assumed to be one dimensional
(in the radial direction) and time dependent, and the heat loss to the
surroundingmelt is expressed approximatelyby a constant average
heat transfer coef� cient.

The simpli� ed model is, thus, amenable to analytical treatments.
Relevant dimensionless parameters for the problem are also iden-
ti� ed, and they are used in the presentation of results. Possible re-
� nements of these preliminary results are discussed. It is hoped that
the results of the present study will be useful as a starting point for
the study of dynamic effects of particles on ablation, for which ad-
ditional models for material response will need to be incorporated


